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Titanium and its alloys may experience a progressive embrittlement leading to cata-
strophic failure. Such embrittlement is a consequence of hydrogen migration and the accu-
mulation of brittle titanium hydrides in the presence of a sharp alloy composition gradient
near a weld fusion line. The governing equations for such migration are presented. The
identiﬁcation problem for parameters responsible for this phenomenon is formulated.
The sensitivity equations are given in terms of ﬁnite elements to solve the problem of iden-
tiﬁcation. Based on numerical procedures the parameters of welded joints due to hydrogen
diffusion are identiﬁed.
 2008 Elsevier Inc. All rights reserved.1. Introduction
In this paper identiﬁcation problems concerning hydrogen diffusion in titanium and its alloys are analyzed. Identiﬁcation
of parameters is considered in joints obtained by friction welding. Such an approach is very convenient, because diffusion in
friction welded joints may be analyzed as a one-dimensional case. Theoretical considerations are conducted to determine the
combined effects on hydrogen diffusion in metals of gradients in interstitial concentration, in solvent composition, in stress,
and in temperature. This model consolidates relationships which are known in the literature [1,2]. The high strength to
weight ratio of titanium and its alloys offers a wide range of application of these metals in aerospace and aircraft structure.
However, like most other metals, certain precautions are necessary. Embrittlement of titanium alloys by hydrogen is difﬁcult
to avoid, especially when dissimilar alloys are welded to each other. In this case hydrogen migrates from one alloy to the
other forming titanium hydrides along the weld interface. Knowledge of hydrogen diffusion across the weld interface is
therefore important. Tests made shortly after welding conﬁrm the strength, ductility and soundness of the weld. In a year
or two the weld may break at low stresses in a brittle fashion [3–9]. The factors responsible for this type of embrittlement
in titanium have been infrequently encountered by the engineers, yet an important class of weldments in titanium may de-
velop such embrittlement unless steps are taken to preclude it.
2. Analytical model
2.1. The governing equations
Consider a titanium alloy BT6 (TiAl6V4.5), which consists of 6% aluminum and 4.5% vanadium. The readers are referred to
monograph of [8] where detailed information as to compositions and other properties titanium and its alloys are given. An. All rights reserved.
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tration necessary for hydride formation could not have come from contamination and was not present initially in the weld.
As we know, the diffusion problems in solids are described by the Fick’s laws. The familiar First Law isJ ¼ DrC; ð1Þ
where D is the diffusivity tensor, C is the concentration and J is the ﬂux of diffusing atoms.
However, diffusion can be driven by gradients other than the concentration gradient. We may analyse diffusion due to
gradients in alloy composition, in stress and in temperature. The ﬂux J of hydrogen atoms, considering thermotransport
and interaction between mechanical stress and hydrogen mobility, is assumed to be governed by the equationJi ¼ D
@Hl
@xi
þ HlKal @Hal
@xi
 Hl KrT
@r
@xi

þHl KT
T2
@T
@xi

; ð2Þwhere D is the diffusivity, Hl is the concentration of hydrogen, T is the temperature, xi is the coordinate, Hal is the concen-
tration of an alloying element, r is the sum of the principal stresses and Kal, Kr and KT are experimental constants. The
parameter Kal characterizes the inﬂuence of concentration of an alloying material on ﬂux of hydrogen atoms, parameter
Kr characterizes the inﬂuence of principal stresses on hydrogen mobility and KT the inﬂuence of the temperature gradient
on ﬂux of hydrogen atoms. The equation of diffusion in time takes the form@Hl
@t
¼ divJ: ð3ÞThe initial conditions are prescribed by spatial hydrogen distribution Hl at the time t = 0. At the boundaries the hydrogen
ﬁeld Hl satisﬁesD @Hl
@n
¼ bðHl  HbÞ on Sb Hl ¼ H on Sh; ð4Þwhere b is the surface transfer coefﬁcient, Hb is ambient hydrogen concentration, H is the concentration on Sh, Sb is the
boundary with prescribed surface transfer coefﬁcient and Sh is the boundary with prescribed hydrogen concentration.3. Numerical solution method
Since the method of numerical solution of the diffusion equation by ﬁnite element method has been documented at
length by many authors only a brief description is included here. It is assumed that the solution is known at the time t.
An implicit time integration scheme will be applied to ﬁnd the solution at the time t + Dt. The unknown equality Hl at
the time t + Dt can be decomposed intoHtþDtl ¼ Htl þ DHl; ð5Þ
where DHl is the increment during the time step Dt, and H
t
l is a known quantity at the time t.
Applying the FE-technique, be increment DHl can be expressed asHl ¼
X
k
HklwkðxiÞ; ð6Þwhere wk are base functions and Hkl are nodal values of Hl.
The time derivatives oHl/ot are replaced by@Hl=@t ¼ DHl=Dt: ð7Þ
Applying the Galerkin method to the diffusion equation and boundary conditions, we getM _Hl þ SHl þ L ¼ 0; ð8Þ
where Hl is the subvector containing Hkl values, and the components of matrices M, S and the vector L are given as follows:Mjk ¼
Z
X
wjwkdX;
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ð9ÞWhen the backward Euler scheme is applied then Eq. (9) takes the form1
Dt
Mþ S
 
HtþDtl ¼
1
Dt
MHtl  L: ð10Þ
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The parameters Ki can be determined so as to minimize the cost function, which is deﬁned byJðKiÞ ¼ 12
Z tf
t0
Htl Htl
 T
Q Htl Htl
 h i
dt; ð11Þwhere Hl denotes the observed data, and t0 and tf, are starting and ﬁnal times, respectively. The symmetric positive-deﬁnite
weighting matrix is expressed by Q.
4.1. Identiﬁcation algorithm based on the Fletcher–Reeves method
To ﬁnd a minimization point of the cost function, the following Fletcher–Reeves method is adopted. The identiﬁcation
algorithm is summarized as follows:
(a) Assume the initial parameter Kal;K

r;K

T .
(b) Compute Hl via a forward time integration using K

i .
(c) Calculate the cost function J0.
(d) Calculate the gradient (oJ/oKi)k of the cost function.
(e) Calculate the search direction vector: if mod (k,N) = 0 then dk = (oJ/oKi)k, where N is number of unknown parameters;
else b = k(oJ/oKi)kk2/k(oJ/oKi)k1k2, dk = (oJ/oKi)k1 + bdk1.
(f) Search ak which minimizes the cost function, JðKk1i þ adkÞ and set Kki ¼ Kk1i þ adk.
(g) If jJk  Jk1| < e the STOP (e: preassigned small parameter)
(h) k = k + 1 and GO TO (e).
A hydrogen distribution is obtained using the assumed initial parameter Ki, and the cost function is calculated. To deﬁne
the parameter search direction, the gradient of the cost function is calculated. To do this, the sensitivity equation or the La-
grange multiplier equation shown later should be solved. To determine the minimal point of the cost function on the search
direction, hydrogen diffusion is calculated in a few times with different material constant. The step size ak can be determined
by a quadratic interpolation scheme. This procedure is performed updating the search direction. Finally the optimal material
parameters can be determined.5. Parameter identiﬁcation by sensitivity equation method
5.1. Sensitivity equation
In this approach, the sensitivity equation can be obtained by taking the partial derivatives with respect to the parameters,
namely,M
@ _Hl
@Ki
þ S @Hl
@Ki
þ @S
@Ki
Hl þ @L
@Ki
¼ 0; ð12Þwhere Ki is material constant. This equation can be rewritten as follows:M _H0l þ SH0l þ L0 ¼ 0; ð13Þ
whereH0l ¼ @Hl=@Ki; ð14Þ
L0 ¼ @S
@Ki
Hl þ @L
@Ki
: ð15ÞMatrices M and S are the same as that of the governing equation. The sensitivity equation is solved with the following
boundary and initial conditions ofH0kl ¼ Hkl on Sh; ð16Þ
 D @H
0
kl
@n
¼ bðH0kl  H0bÞ on Sb; ð17Þ
Hkljt¼0 ¼ 0 in V : ð18Þ
The numerical value of (@S/oKi)Hl is obtained by the solution of the governing equation. This means a source term of Eq. (13).
The sensitivity equation has the same form as that of the governing equation. The same numerical scheme can be applied
to solve H0l. This equation is discretized in time like the governing equation
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Dt
Mþ S
 
H0tþDtl ¼
1
Dt
MH0tl  L0: ð19ÞThe number of sensitivity equation runs per iteration must be equal to the number of parameters.
The gradient of the cost function can be obtained by taking the partial derivative of the Eq. (11) with respect to the Ki of@J
@Ki
¼
Z tf
t0
ðHtl Htl ÞTQ
@Htl
@Ki
 
dt; ð20Þwhere @Htl=@Ki is solved by the sensitivity equation.
6. Parameter identiﬁcation by Lagrange multiplier method
6.1. Adjoint equation
To apply the Lagrange multiplier method, the cost function is redeﬁned using the Lagrange multiplier as follows:J ¼
Z tf
t0
1
2
ðHtl Htl ÞTQðHtl Htl Þ

þkTðM _Hl þ SHl þ LÞ
i
dt; ð21Þwhere k is the Lagrange multiplier which introduces the constraint Eq. (8). The optimality condition for the cost function (21)
can be obtained asM _k Skþ QðHl Hl Þ ¼ 0; ð22Þ
with the terminal conditionkðtf Þ ¼ 0; ð23Þ
where the symmetric property of M and S is used to introduce the above equation. The Lagrange multiplier equation is
solved with the following boundary condition:k ¼ k; ð24Þ
 D @k
@n
¼ bðkHbÞ on Sb: ð25ÞThe discrepancy between calculated and observed hydrogen distribution play a source term. If the parameter tends to the
true value according to the iteration procedure, the discrepancy would become smaller. It means that k would decrease
according to the parameter convergence. Only one calculation per iteration is required even if the unknown parameter
increase.
The Lagrange multiplier equation is solved backward in time because the initial condition of the Lagrange multiplier is
unknown while the terminal condition is known. The time discretization form of this equation can be written as follows:1
Dt
Mþ S
 
kt ¼ 1
Dt
MktþDt þ QðHl Hl Þ: ð26ÞThis equation has the same form as that of the governing equation. The numerical stability is the same as for the governing
equation.
The gradient of the cost function can be obtained as follows using the Lagrange multiplier of@J
@Ki
¼ @J

@Ki
¼ 
Z tf
t0
@
@Ki
½kTSðKiÞHldt: ð27Þ7. Values of experimental constants Kr, KT and Kal
In the computations, the values for the experimental constants are selected from the literature [5,10]. These values in Eq.
(2), analysing the concentration of aluminum in the titanium alloys, are the following: Kal = 3.55, Kr = 5.55  104 and
KT = 2676–294 Hal, where Hal is in atom fraction, r in ksi, T in degrees Kelvin, Hl in parts of hydrogen per million parts of
solution by weight, D in cm2/s. The quoted values for the constants Kr and KT have been shown to be the same for both
CP and BT6 alloys. The Kal for titanium alloys containing aluminum is not affected by the presence of vanadium, and is there-
fore applicable to BT6. These constants are assumed valid for compositions between CP and BT6 found in weld deposit.
8. Examples of direct problem
The major interest in analyzing failure of friction welded joints is the location and amount of titanium hydride precipi-
tation. Let us consider BT6 and CP titanium rods joined together by friction welding. Fig. 1 shows the principle of the friction
Fig. 1. Principle of friction welding process: (A) store kinetic energy in ﬂywheel and apply controlled end force and (B) rotation ceases and weld is complete.
3406 A. Sluzalec / Applied Mathematical Modelling 33 (2009) 3402–3408welding process. First we will discuss the effect of residual stresses on hydrogen distribution. We will analyze a one-dimen-
sional form of the diffusion equation. In all cases, it will be assumed that stresses, temperatures and alloying materials are
described in the weld by the Gaussian distribution function.
Assume that after welding stresses in the weld are given byrðxÞ ¼ 50ﬃﬃﬃﬃﬃﬃ
2p
p
Z x
1
exp  z
2
2
 
dz;where r(x) is the value of stresses in ksi, and x is in mm  20. The effect of stress gradient on hydrogen distribution is shown
in Fig. 2. The assumed diffusivity is 2.1  1015 m2/s. The size of the ﬁnite element is h = 104 cm. The second example in-
volves the combined effect of aluminum and temperature gradients on hydrogen distribution in the weld. Let aluminum be
described byHalðxÞ ¼ 6ﬃﬃﬃﬃﬃﬃ
2p
p
Z x
1
exp  z
2
2
 
dz;denoting Hal in wt% and x in mm  40. The temperature at the point contact will be given byTðxÞ ¼ 1800ﬃﬃﬃﬃﬃﬃ
2p
p
Z x
1
exp  z
2
2
 
dzþ 1800;where T is in degrees K, and x is in mm  40. Fig. 3 shows what role these effects play in the weld when D = 200exp(13/
RT) m2/s.Fig. 2. Effect of stress gradient on hydrogen distribution.
Fig. 3. Effects of aluminum and temperature gradients on hydrogen distribution.
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Based on results presented in the ﬁrst two section the re-identiﬁcation problem has been solved. The direct problem of
stress gradient on hydrogen distribution has been solved with assumed value of the following parameters: Kr = 5.55  104,
diffusivity is 2.1  1015 m2/s and welding stresses in the weld are given byTable 1
Starting
Parame
Kal
Kr
Error n
Table 2
Starting
Parame
Kr
Kal
Error nrðxÞ ¼ 50ﬃﬃﬃﬃﬃﬃ
2p
p
Z x
1
exp  z
2
2
 
dz;where r(x) is the value of stresses in ksi. The re-identiﬁcation test has been carried out for initial different values of param-
eter Kr = 4.0  104. Results for identiﬁcation tests is given in Table 1.
The second example of re-identiﬁcation involves the combined effect of aluminum and temperature gradients on hydro-
gen distribution. Assume that aluminum is described byHalðxÞ ¼ 6ﬃﬃﬃﬃﬃﬃ
2p
p
Z x
1
exp  z
2
2
 
dz;where Hal is in wt% and x in mm  40. The temperature at the point contact will be given byTðxÞ ¼ 1800ﬃﬃﬃﬃﬃﬃ
2p
p
Z x
1
exp  z
2
2
 
dzþ 1800;and obtained values in the re-identiﬁcation for the parameter Kr.
ter Starting Obtained
3.55 3.55
4.0  104 5.55  104
orm 2.54  106 6.23  109
and obtained values in the re-identiﬁcation for the parameter Kal.
ter Starting Obtained
5.55  104 5.55  104
3.00 3.55
orm 1.14  102 5.17  105
3408 A. Sluzalec / Applied Mathematical Modelling 33 (2009) 3402–3408where T is in degrees K, and x is in mm  40. The parameter KT is assumed to be constant and equals to 2676–294 Hal. The
parameter Kal will be identiﬁed based on the results of solution of the direct problem described in Section 8. The re-identi-
ﬁcation test has been carried out for initial different values of parameter Kal equal to 3. Results for identiﬁcation tests is given
in Table 2.
10. Final remarks
For many technically important welds appearing in aircraft structures, models for the determination of material param-
eters responsible for hydrogen distribution should be analyzed. Combinations of hydrogen, stress and composition history
suggest a complicated situation of hydrogen migration. Determinations of parameters for such combinations are under
way in the present research project. When the combinations are known, numerical models may be used to calculate the
width of precipitate and evaluate the failure of welded joints.
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